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I. INTRODUCTION

Since the development of Quantum Mechanics, much progress has been made towards

understanding the microscopic origin of magnetism in solids. However, a completely coherent

model of magnetism in solids is still missing. Partly, this is due to the fact that magnetism is

a complex many-body problem with its roots in relativistic quantum field theory. At a basic

level, magnetism comes from spin and orbital properties of electrons. These electrons can be

localized in orbitals or itinerant in conduction bands. The itinerant behavior is exemplified

by 3d transition metals, while the localized behavior is seen in 4f, lanthanide systems. Both

types of magnetism show up in the 5f, actinide systems. There have been many approximate

Hubbard- and Stoner-type models which approach magnetism from either the localized or

itinerant perspective. Although, a complete model of magnetism should be able to cope with

both aspects of magnetism.

A recent attempt at a more complete description of magnetism involves a relativistic

band structure theory that has been developed within the framework of Density Functional

Theory (DFT). In this paper, the cornerstones of this relativistic DFT approach will be

sketched as well as simplification and correction methods for practical calculations. Studies

of magnetic moments in characteristic 3d, 4f, and 5f solids using this method are discussed

and compared with experimental measurements. The paper is organized as folows: In section

II, the importance of relativity in magnetism addressed. Section III focuses on the DFT

method used to compute magnetic moments and how these moments can be measured with

neutron scattering. Section IV compares calculated magnetic moments in 3d, 4f, and 5f

solids with experimental measurements. Finally, conclusions are drawn in Section V.
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II. BACKGROUND: RELATIVITY BEGETS MAGNETISM

A. Relativity in Quantum Systems

Non-relativistic quantum mechanics, described by Schrödinger’s wave equation, is very

successful for problems in which the velocity of the electron is small compared with the

speed of light. However, Schrödinger’s equation cannot account naturally for fine structure

corrections of order (v/c)4, namely relativistic mass increase and spin-orbit coupling. The

relativistic mass increase is especially important in heavy atom systems because one knows

from Bohr’s model that speed scales with atomic number, Z. Furthermore, spin, which is a

fundamental property of the electron and particularly important in magnetism, is not built

into Schrödinger’s equation. A proper equation for the electron should naturally incorporate

relativistic effects and spin.

Such a relativistic description of quantum mechanics is found in the Dirac equation (here,

coupled to the potential (A, V )):

i~
∂Ψ

∂t
= (cα · (p −

qA

c
) + βmc2 + qV )Ψ, (1)

where p is the momentum operator, A is a vector potential, V is a scalar potential, and α

and β are the 4 × 4 Dirac Matrices,

α =









0 σ

σ 0









and β =









I 0

0 −I









.

Here, σ are the Pauli matrices and I is the 2x2 identity matrix. Of course, the wave functions
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are four-component column vectors written as

Ψ =









Φ

χ









,

where Φ and χ are two component spinors [1, 2].

The Dirac equation not only takes the relativistic kinetic energy of the electron into

account, but spin and fine structure corrections come out naturally also. It follows that,

in a strict sense, spin and spin-orbit effects, which are certainly important in magnetism,

are relativistic effects. One can see this explicitly by splitting the Dirac equation into two

coupled equations in Φ and χ, setting A = 0, and assuming V is spherically symmetric. To

order (v/c)4, one gets the following equation for Φ: HΦ = EΦ, where

H =
p2

2m
+ V (r) −mc2

(

1

8

( p

mc

)4
)

+
1

2m2c2
1

r

dV

dr
(S · L) −

~
2

4m2c2
dV

dr

∂

∂r
(2)

The first and second term comprise the non-relativistic Schrödinger equation. The third term

is the relativistic correction to the kinetic energy (or mass). The fourth term corresponds to

spin-orbit coupling, and the last term is the so-called Darwin correction. The Darwin term

can be thought of as a relativistic correction to the potential [1, 3].

Some physical consequences of the mass correction term (sometimes called the scalar

term) are the contraction of s and p electron orbitals in atoms. The s and p electrons have

a large probability density near the nucleus and, thus, tend to move at speeds near c. In

what is known as a direct relativistic effect, the corresponding mass increase contracts the

orbitals. As a consequence, the d and f orbitals will expand a little due to shielding effects.
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That is, they undergo indirect relativistic effects. [4].

Of course, in this paper, the main interest is what role all of these relativistic effects play

in determining the magnetic moment of an atom. The origin of magnetism resides with the

fact that electrons have spin and they orbit about the nucleus of an atom. Spin and orbital

magnetic moments,

µspin = −2(
e

2m
)S and µorb = −(

e

2m
)L, (3)

combine to produce a net atomic moment. Furthermore, the spin moment of an electron

interacts with the magnetic field it feels as it orbits through the electric field of the nucleus.

This is the spin-orbit effect. The next section discusses how one goes about organizing these

properties, which must obey certain physical rules to produce a magnetic material.

B. Fundamentals of Magnetism

On a microscopic level, magnetic properties of a solid are derived from the ground state

properties of incompletely filled electron shells. The magnetic response observed in a partic-

ular system largely depends on how the spin and orbital properties of these electrons end up

combining after obeying Pauli’s exclusion principle and minimizing Coulomb repulsion [5–

9]. This fact is made evident in Hund’s three rules for determining the ground state (lowest

energy) electronic configuration of an atom:

1) Spin Polarization: Arrange electrons to maximize total spin, S, obeying Pauli’s exclusion

principle. In effect, this is minimizing Coulomb energy while not allowing two parallel spins

to occupy the same state. The energy decrease due to the preference for parallel spins is

called the exchange energy.
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2) Orbital Polarization: Arrange the electrons to maximize the total orbital angular momen-

tum, L, consistent with the exclusion principle and the first rule. This, again, is effectively

a scheme to minimize Coulomb repulsion. In a classical picture, one can imagine that by

having the electrons orbit in the same direction, they can avoid encountering each other

more effectively.

3) The total angular momentum, J is found using J = |L− S| for less than half filled shells

and J = |L+S| for more than half filled shells. This rule is an attempt to minimize spin-orbit

interaction energy.

In solids, depending on whether the crystal is insulating or conducting, magnetism has

historically been approached from two different schools of thinking: either a localized or

itinerant point of view. In the localized concept of magnetism, the electrons and their

magnetic properties remain associated with their respective paramagnetic ion in a insulating

crystal. Conversely, in the itinerant picture, the conduction electrons are responsible for

magnetism. Consider the nature of these two models in more detail:

In insulators, paramagnetic ions with unpaired electrons exhibit permanent dipole mo-

ments due to the net angular momentum, J = L+S, of the ion. Different types of magnetic

ordering may arise based on the specific alignment of the atomic magnetic moments, favored

by atomic exchange interactions. Strictly speaking, a crystal does not have to be an insu-

lator to exhibit localized magnetism. As in the case of the rare-earth metals, the unfilled

4f orbital is localized to such an extent that it does not form conduction bands in a solid.

In either case, Hund’s rules for the free ion can be used to determine J, L, and S for each
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atom. Then, the magnetic moment of each atom is given by

µatom = gJµB|J| = gJµB[J(J + 1)]1/2 (4)

where gJ is the Landé g factor, given by: gJ = 1 + J(J+1)−L(L+1)+S(S+1)
2J(J+1)

.

Whereas localized magnetism is characterized by insulating states, itinerant magnetism

is associated with metallic behavior. In the itinerant case, the unfilled orbitals broaden into

(narrow) bands by overlapping with neighboring orbitals. There is an interaction between

the nearly free conducting electrons and the localized electrons that produces a resultant

magnetic state. Magnetic ordering in this situation refers to the redistribution of conducting

electrons with spin up and spin down electrons in separate bands.

For example, spontaneous ferromagnetism observed in transition metals Fe, Co, and Ni,

is not possible to understand on the basis of localized moments on atoms. Normally, in a

metal, there are an equal number of spin-up and spin-down electrons filling up states to the

Fermi energy. A stable ferromagnetic state in the absence of an external field can only arise

if there is a spontaneous splitting of the spin population in the bands (i.e. spin polarization).

This can happen if it is energetically favorable for the system as a whole to promote electrons

above the the Fermi level and reverse their spin. That is, when the exchange energy gained is

greater than the cost in energy to promote and reverse the spin of electrons above the Fermi

level, a stable ferromagnetic state will form. In practice, this only happens for systems in

which Coulomb effects are strong and also have narrow bands with a high density of states at

the Fermi surface. Of the 3d transition metals, only Fe, Co, and Ni have sufficient exchange

energy gain to retain a ferromagnetic state.
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In addition to the physics underlying Hund’s rules, other external effects may influence

the electronic and magnetic behavior in a solid. One important effect that tends to override

the intuition of Hund’s rules is crystal field splitting. In general, the magnitude of the

crystal field effect on a system will depend on the symmetry of the crystal and the distance

between ions. Crystal fields have the most effect on systems in which orbitals extend out

far enough from the nucleus to have significant overlap with orbitals on neighboring atoms,

such as in 3d transition metals. It is well known that crystal fields largely quench the orbital

angular momentum in the 3d transition metals. Thus, the orbital magnetic moment in the

3d transition metals is expected to be significantly reduced. However, for 4f orbitals, crystal

field effects are expected to be much less noticeable because they are less spatially extended

and they are shielded by other filled orbitals.

It is difficult to find a theory that takes the accumulation of all these underlying effects into

account to calculate magnetic moments and get agreement with experimental measurements.

In order to get accurate results, one can not ignore the effect of Coulomb interactions between

electrons (correlation effects) and the effects of exchange on the motions of electrons. It is

necessary to use the formalism of electronic structure calculations that include the effects of

spin polarization and exchange-correlation. A useful approach that will be focused on in this

paper is relativistic (spin)-density functional theory (DFT) used with the local spin-density

approximation (LSDA) for exchange-correlation effects. The rough message of Hund’s rules

will still be prevalent, and corrections to LSDA must be added to account for all of Hund’s

rules. The details of this methodology are the subject of the next section.
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III. METHODOLOGY: DFT AND NEUTRON SCATTERING

A. Relativistic Electronic Structure

In calculating properties of systems that are inherently relativistic, one would like there

to exist a relativistic successor to the many-body Schrödinger equation. Unfortunately,

no closed-form, relativistic many-body equation is known, and one is forced to resort to

approximate schemes right away [10, 11]. The most accurate choice one can make is to

use the Dirac Hamiltonian for the one-body terms, with the Coulomb repulsion serving as

the two-body interaction, resulting in the Dirac-Coulomb equation. In quantum chemistry,

one often employs one-electron solutions to this equation through the self-consistent field

procedure, yielding a Dirac-Hartree Fock scheme [12, 13]. These equations work well for

atoms and small molecules, but are too computationally expensive for real solid simulations.

The method of choice for solids is a relativistic formulation of Density Functional Theory

(DFT), where properties are determined by the electron density. In practice, as will be

discussed, one even avoids solving a fully relativistic DFT, tossing out any terms involving

angular momentum, and employing corrections to capture the missing relativistic effects. In

this section, non-relativistic DFT is reviewed and extended to relativistic form, and then

a more practical spin-polarized DFT is discussed along with the appropriate relativistic

corrections for magnetism.

Non-relativistic DFT has been used very successfully in many cases for simulating real

solids. It allows for a great simplification in solving the many-body problem, HΨ = EΨ.

The framework of the theory consists of two major parts:

The first part is a theorem developed by Hohenberg and Kohn [14] which says that the
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total energy, Etot, of a system is a unique functional of the electron density, n(r). Further-

more, the functional Etot[n(r)] is minimized for the ground state density, nGS(r). In short,

this affords the possibility of calculating electronic properties based on the electron density

(3 spatial variables), instead of the 3N-variable many-body wave function.

The second part of the theory involves the construction and variational minimization of

the total energy functional, Etot[n(r)], with respect to variations in the electron density. This

part of the theory, developed by Kohn and Sham [15] states that the many-body Schrödinger

equation can be mapped onto the problem of solving an effective single-particle wave equation

with an effective potential, Veff . The first step is to write the total energy functional as

Etot[n(r)] = T [n(r)] + Ee−e[n(r)] + Exc[n(r)] +

∫

Vext(r)n(r)dr (5)

where T is the kinetic energy of a noninteracting system, Ee−e is the electron-electron interac-

tion energy, Exc is the exchange-correlation energy, and Vext represents an external potential

including the ions. By minimizing this total energy functional with respect to variations

in the electron density, subject to the constraint that the number of electrons are fixed, an

effective one-particle equation is obtained:

{

−
~

2

2m
∇2 + Veff [n(r)]

}

ψi(r) = εiψi(r), (6)

where Veff is an effective potential given by

Veff [n(r)] = Vext[n(r)] + Ve−e[n(r)] +
δExc[n(r)]

δn(r)
. (7)
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Eqs. (6) and (7), are known as the Kohn-Sham equations. The quantities ψi and εi are

auxiliary quantities used to calculate the electron density and total energy, not the wave

function and energy of real electrons. The only unknown is the is the exchange-correlation

potential. In the most common approximation, known as the Local Density Approximation

(LDA), the exchange-correlation energy is calculated using quantum Monte Carlo results of

the homogeneous, interacting electron gas [16]:

ELDA
xc [n(r)] =

∫

n(r)εheg
xc [n]dr, (8)

where εheg
xc [n] is the exchange and correlation energy per particle in the homogeneous electron

gas [17].

The Kohn-Sham equations are then solved self-consistently. One starts by assuming a

charge density n(r), calculates Vxc[n(r)], and then solves Eq. (6) for the wave functions,

ψi(r), using a standard band theory technique. From the wave functions obtained, one

calculates a new charge density:

n(r) =
occ.
∑

i

|ψi(r)|
2 . (9)

This procedure is then repeated until the charge density is converged.

In fully relativistic DFT [16, 18–22], the density, n(r), is substituted by the four-vector

analogue, the four-current, Jµ(r) = [n(r),J(r)] and the potentials Vext(r) by the four-

potential, Aext
µ (r) = [V (r),A(r)]. The formalism then proceeds exactly as it did in non-

relativistic DFT:

Analogous with the above discussion, the relativistic Hohenberg-Kohn theorem says that
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the ground state energy is a unique functional of the four-current density, Jµ(r), and that

the minimum of this functional, Erel
tot[Jµ(r)] is the ground state energy. The energy functional

is again divided up into respective contributions:

Erel
tot [Jµ(r)] = T [Jµ(r)] + Ee−e[Jµ(r)] + Exc[Jµ(r)] +

∫

Jµ(r)Aext
µ (r)dr (10)

In practice, relativistic DFT in this full form is never used to perform simulations of large

systems, such as solids. The best one usually does for solids is to use a “spin-only” version

[16, 18, 20, 23] (plus correction terms, discussed later), which goes by the name of spin-

polarized relativistic DFT. In this scheme, the current density is decomposed nontrivally into

orbital and spin parts [24] and all terms involving Aext are dropped to yield the “spin-only”

analogue of Eq. (10):

ESRDFT
tot [Jµ(r)] = T [Jµ(r)]+Ee−e[Jµ(r)]+Exc[Jµ(r)]+

∫

(n(r)Vext(r)−m(r)·Bext(r))dr (11)

where m is the spin density and Bext is a external magnetic field. Since the relativistic

kinetic energy is included, but not the spin-orbit term, one often refers to this equation

as being scalar relativistic. The non-relativistic version of this equation is just Eq. (5)

with µBm ·Bext added to potential, i.e spin-polarized DFT. Going through the Kohn-Sham

minimization process, the total energy functional is minimized with respect to the variations

in the four-current to yield a single particle equation (the “spin-only” Dirac-Kohn-Sham

equation):

(cα · p + βmc2 + Veff (r) − m(r) · Beff (r))ψi(r) = εiψi(r) (12)
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with

Veff [n(r)] = Vext[n(r)] + Ve−e[n(r)] +
δExc[n(r),m(r)]

δn(r)
(13)

Beff (r) = Bext(r) −
1

µB

δExc[n(r),m(r)]

δm(r)
(14)

m(r) = µB

N
∑

i

ψ†
i (r)βσψi(r) (15)

n(r) =
occ.
∑

i

ψ†
i (r)ψi(r). (16)

These equations constitute a set of self-consistent equations for a “spin-only” magnetic

system. That is, the magnetic field has been coupled to the spin of the electrons, but not their

orbital motion. Eq. (12) looks very much like the single-particle Dirac equation (Eq. (1)),

but ψi and εi are not single-particle energies and wave functions, they are auxiliary quantities

used to form the four-current density and total energy. The exchange-correlation used most

frequently is the spin analogue to LDA, namely the Local Spin Density Approximation

(LSDA) [22, 25]:

ELSDA
xc [n(r),m(r)] =

∫

n(r)εspheg
xc [n(r),m(r)]dr, (17)

where εspheg
xc [n,m] is the exchange and correlation energy per particle in a spin-polarized,

homogeneous (interacting) electron gas with charge density, n, and spin (magnetization)

density, m. Note that, because LSDA is based on a electron gas, no orbital information is

included in Exc.

Consequently, if the external magnetic field is set to zero, magnetic solutions to Eq. (12)

can still exist because of the derivative of Exc with respect to the spin density, m, in Eq.

(14) [16]. If such a solution turns out to be lower in energy than a non-magnetic solution,
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then it is possible to predict a net (spontaneous) spin polarization. One can then calculate

the magnetic spin moment from the spin magnetization [12, 22]:

µspin = µB

∫

m(r)dr (18)

Thus, in some sense, Hund’s first rule is built into the LSDA.

Before moving on to discuss corrections for Hund’s second and third rules, it is necessary

to make few general remarks about band theory methods [23, 26]. As mentioned above,

there are a number of standard band structure methods one can choose to solve the single-

particle equation (Eq. (12)). In all of these methods, the major issue is how one chooses

to represent the Kohn-Sham orbitals, ψi. Nearly all the methods invoke some sort of basis

set expansion: ψi =
∑

α ciαφα(r), where the φα(r) are the basis functions and the ciα are

expansion coefficients. Once the basis is chosen, the coefficients become the only variables

in the problem, and, since the total energy in DFT is variational, solving the Kohn-sham

equation amounts to determining the coefficients (for occupied orbitals) that minimize the

total energy. This is referred to as the variational step. Therefore, the eigenvalue equation,

Hψ = Eψ, is rewritten as the characteristic matrix equation:

(H − εiS)ci = 0, (19)

where H is the Hamiltonian matrix ans S is the overlap matrix (with respective elements

〈φ∗
α |H|φα〉 and 〈φ∗

α|φα〉), εi are the electron eigenvalues, and the ci are column vectors con-

taining the basis expansion coefficients. Once the matrix equation is solved, the eigenvalues

and eigenvectors can be used to calculate the partial density of states. Then new charge and
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spin densities can be constructed as part of the self-consistent cycle.

Now, in most magnetic systems, one also needs to go beyond spin polarization and include

orbital magnetic moments to get good agreement with experiment. Essentially, this means

one needs to find a way to incorporate Hund’s second and third rules on top of the LSDA

scheme. A common method of doing this is to have two correction terms: one for orbital

polarization (Hund’s second rule) and one for spin-orbit coupling (Hund’s third rule).

Accounting for orbital polarization in magnetic systems has largely been of the ad hoc

nature. This isn’t too surprising since there is no consistent many-body theory of orbital

magnetism [27]. A popular ad hoc scheme has been developed by Brooks et al. [28, 29]. Their

idea came from noting that Hund’s first rule can be thought of as being due to a Hamiltonian

of the form −I
∑

i6=j si · sj. A mean field approach to this Hamiltonian yields an energy

E = −IS2
z , where I is a spin-exchange constant. In analogy, Brooks suggested that Hund’s

second rule corresponds to a Hamiltonian of the form 1
2

∑

i6=j li · lj. The mean field treatment

leads to a orbital polarization term in the total energy functional expression: EOP = RL2,

where L is the total orbital angular momentum of the partially filled electron shell and R is

a “orbital-exchange” coefficient, known as the Racah parameter. When proceeding through

the Kohn-Sham minimization, this energy results in a shift of the one-electron eigenvalues

of

δεml
=
∂EOP

∂nml

= −RLml (20)

for the state ml. The spin-up and spin-down manifolds are split into equidistant levels,

with the positive ml states lower in energy than the negative ml states. By tallying up the

contributions to the total orbital angular momentum, one can calculate the orbital magnetic

moment. Although, as will be discussed next, spin-orbit effects may also contribute to the
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orbital moment.

Indeed, some magnetic systems cannot be described properly without Hund’s third rule,

which requires one to include spin-orbit coupling into the calculation [22, 30, 31]. It was

shown that the spin-orbit interaction naturally comes out of the Dirac equation (Eq. (2)) :

HSO =
1

2m2c2
1

r

∂V (r)

∂r
S · L (21)

In this form, it is obvious the spin and angular momentum are coupled. The main importance

of this interaction in magnetic systems is that the coupling lifts the degeneracy between ml

and −ml states (from the SzLz term), thereby inducing a orbital moment. In hydrogenic

atoms, the spin-orbit energy scales as Z4, but is proportional to α4, where α is the fine

structure constant. This means the effect becomes increasingly important in heavier atoms,

but is secondary in size to Coulomb effects (∼ α2). In the presence of crystal field quenching,

spin-orbit coupling may be the dominant source of orbital magnetism.

One often avoids dealing with spin-orbit coupling in electronic structure calculations be-

cause when the interaction is turned on, spin and angular momentum are no longer good

quantum numbers. One must work with eigenstates of the total angular momentum, which

amounts to doubling the size of the basis required for solving the characteristic matrix equa-

tion. This drastically reduces the speed of the computation. Fortunately, a method has been

developed to circumvent this problem, known as second variational treatment [23, 26]. The

basic idea is to solve the scalar relativistic (SR) equation first (Eq. (12)) and get the set of

corresponding coefficients and eigenvalues from Eq. (19). That is, solve

(HSR − εSR
N SSR)cSR

N = 0 (22)
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for N solutions, CSR
N and εSR

N , which describe a pure spin basis. Then from those solutions,

form a new basis for the total angular momentum and solve the matrix equation a second

time using the Hamiltonian

H = εSRδij + HSO. (23)

Note that HSR and SSR will be diagonal in this new basis. The main trick is, the second

time, one only uses only the lowest n scalar relativistic orbitals as calculated in the first step.

In general, one finds n can be much smaller than N.

In summary, the main idea of this section is to use spin-polarized, scalar relativistic DFT

with the orbital polarization and spin-orbit corrections to calculate magnetic properties of

materials. Effectively, this approach takes all three Hund’s rules into account. In this paper,

the scope is limited to examine how well this scheme does for the calculation of atomic

magnetic moments in solids. Of course, to get a measure of computational accuracy, there

must be reliable experiments with which to compare. The next section outlines a common

experimental technique to measure magnetic moments.

B. Experimental Measurement of Magnetic Moments

Ultimately, to determine the accuracy of a computational method, one must check the

results against experimental measurements. A common technique used to measure spin and

orbital magnetic moments is neutron magnetic scattering [32–37]. The fact that neutrons

are neutral in electric charge and have a magnetic moment makes them an ideal probe of

atomic magnetic moments. Spin (µs) and orbital (µL) magnetic moments can be determined

separately because they interact differently with the neutron magnetic moment.
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In fact, the angular dependence through which the neutrons are scattered depends on

the Fourier transform of the magnetization, i.e. the form factor [37]. The spin and orbital

magnetizations, MS(r) and ML(r), respectively, are different so that one can write down two

form factors [33]:

fL(Q) =

∫

ML(r) exp(i(Q) · (r)) and fS(Q) =

∫

MS(r) exp(i(Q) · (r)), (24)

where Q = 4π sin θ/λ is the scattering vector with θ being the scattering angle and λ being

the wavelength of the neutron.

In general, one can expand the form factors in a series of Bessel function transforms [38],

< ji >, of single-electron radial probability distributions, |ψi|
2:

f(Q) = 〈j0〉 + C2 〈j2〉 + C4 〈j4〉 + . . . , (25)

where the Bessel transform is 〈ji(Q)〉 =
∫ ∞

0
|ψi|

2 (r)ji(Qr)dr. Then, in the dipole (small Q)

approximation [39], one can show fS ≈ 〈j0〉 and fL ≈ 〈j0〉 + 〈j2〉. It follows that, since

the total moment is µtot = µL + µS, the total magnetic amplitude, which can be directly

measured, is given by

µf(Q) = µSfS(Q) + µLfL(Q) (26)

= µS 〈j0〉 + µL(〈j0〉 + 〈j2〉) = µtot [〈j0〉 + C2 〈j2〉] , (27)

where C2 = µL/µtot. Finally, using a least-squares analysis, one can fit Eq. (27) to the

measured magnetic amplitudes and determine values of µtot and C2. If follows that one can
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extract µS and µL [35]. Moments measured in this way are compared with spin-polarized

calculations in the next section.

IV. RESULTS: MAGNETIC MOMENTS IN SOLIDS

A. 3d Transition Metals: (VCF � VSO)

The 3d transition metals are known for their itinerant magnetic behavior, with Fe, Co, and

Ni being the archetypal examples of itinerant ferromagnetism [40]. Spin polarization comes

about when the 3d conduction electrons become spontaneously spin-split as described earlier.

Fig. (1) shows that 3d orbitals are spatially localized but extend out quite far relative to the

other occupied (3p and 4s) orbitals. Indeed, the 3d orbitals tend to overlap with orbitals on

neighboring atoms to form 3d conduction bands. Additionally, the 3d orbitals are vulnerable

to crystal field interactions, VCF , and any orbital polarization (OP) contribution to the total

magnetic moment is largely quenched. Indirect relativistic effects act to enhance this effect.

Any enhancement of orbital moments through the spin-orbit interaction, VSO are expected

to be minimal because the atomic number, Z, is relatively small in 3d transition metals.

The crystal field interaction has much more influence than SO coupling in these systems.

Consequently, the spin-magnetic moment is expected to be much larger than the orbital

magnetic moment [41].

It follows that magnetic moments in Fe, Co, and Ni are expected to be described very

well by LSDA alone. These systems can then be used to examine more refined corrections,

such as SO and OP. Indeed, spin and orbital magnetic moments (Figs. (2) and (3), respec-

tively) have been calculated [30, 41] for Fe, Co, and Ni with the spin-polarized relativistic
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FIG. 1: Radial probability density of 3p, 3d, and 4s hydrogen electrons. The 3d electron density is

largely localized, but has an extended tail exposed to crystal field interactions.

DFT(LSDA) scheme outlined in section (IIIA). The results are compared with values ob-

tained from neutron scattering experiments [42]. The spin moment matches the experimental

data very well. There is no affect of adding in SO and OP corrections to the spin moment

calculation. This indicates that exchange-correlations contained within LSDA appear to be

quite reasonable for these 3d metals. Of course, the orbital moments are zero within LSDA.

By adding on a SO correction to the LSDA calculation, a small orbital moment is obtained,

and better agreement is obtained with orbital moments measured by neutron scattering.

Even better agreement with experiment is obtained when the orbital polarization correction

is added into the calculation. Note that the spin and orbital moments have the same sign,

in accordance with Hund’s third rule for more than half filled shells. Based on the spin

moments, one might have guessed that iron would have the largest orbital moment. This
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FIG. 2: Comparison of (LSDA) calculated [41]

(down triangles) and experimental [42] (up tri-

angles) spin moments for Fe (bcc), Co (hcp),

and Ni (fcc). LSDA performs very well for spin

moments in 3d systems.
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FIG. 3: Comparison of calculated [41] and ex-

perimental [42] (up triangles) orbital moments

for Fe (bcc), Co (hcp), and Ni (fcc). Computed

results including only a SO correction (circles)

are plotted against results containing an ad-

ditional OP correction (down triangles). This

reveals the difference in magnitude of the SO-

induced orbital moment relative to the total or-

bital moment in 3d systems. Best agreement

with experiment is achieved when both correc-

tions are applied.

is evidence that the different ground state crystal structures in Fe (bcc), Co (hcp), and Ni

(fcc) have a significant effect on the relative magnitudes of crystal field quenching [41].

B. Lanthanides: (VCF � VSO)

Contrary to the 3d transition metals, the lanthanides are the archetypal localized magnetic

systems [43]. Fig. (4) shows that the 4f orbital is much more spatially localized near the

nucleus relative to the outer orbitals. In addition, Z is still small enough that indirect

relativistic effects do not push the 4f orbital out much. In fact, the 4f orbitals do not extend

out far enough to become bonding orbitals and, therefore, the 4f electrons tend to remain

associated with their respective paramagnetic ions. This means that Hund’s rules for the free

atom still apply to these systems. Another consequence of the highly-localized 4f orbitals
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FIG. 4: Radial probability density of 4f, 5d, 6s, and 6p Sm3+ electrons. The 4f electron density is

strongly localized near the nucleus and largely unaffected by crystal fields. The direct and indirect

relativistic effects can been seen from the difference in the dashed and solid lines. Figure adapted

from Ref. [45]

is that there is very little interaction with crystal fields. Therefore, the orbital moment

is not quenched as it is in 3d systems. The 4f systems also have a much larger Z than 3d

systems, and the spin-orbit interaction is expected to have much larger influence on magnetic

moments than crystal fields. Indeed, very large orbital moments are expected in 4f systems

[43, 44].

Consequently, total magnetic moments in 4f systems are not expected to be described

well by LSDA alone. Fig. (5) shows the calculated spin orbital moments of Ce(fcc), Pr(fcc),

and Nd(fcc) solids within spin-polarized relativistic DFT(LSDA). (There are currently no

experiments for direct comparison of spin moments.) The large orbital moments expected

in these systems are obtained by adding on SO [46] and OP [29] corrections, as shown in

Fig. (6). Once again, the spin and orbital moments have opposite sign in accordance with

Hund’s third rule for less than half filled shells. It should be noted that the SO+OP orbital
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FIG. 5: Calculated [46] spin moments for Ce,

Pr, and Nd within LSDA.
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FIG. 6: Comparison of Ce, Pr, and Nd or-

bital moments: 1) Calculated with only the SO

correction [46] (circles) and 2) Calculated with

both SO and OP corrections (down triangles)

[29].
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FIG. 7: Comparison of total moments for Ce, Pr, and Nd: 1) Using LSDA values which included

SO, and OP corrections (up triangles) [29] and 2) The total moment predicted by Hund’s rules for

the free ions in their natural +3 oxidation state (down triangles). Hund’s rules for the free ion

are expected to apply to the localized 4f state, and are therefore a measure of the accuracy of the

calculation.

moment is an estimated value that was calculated indirectly (µorb = µtot−µspin) with Hund’s

rules (Eq. (4)) using LSDA values of Sz and Lz from Ref. [29]. The validity of doing this

is shown by Fig. (7), which compares the calculated total moment (from Sz and Lz) for the

solid compared with the values predicted by Hund’s rules for the free ions. The reasonably

close agreement between these two values indicates that Hund’s rules still apply roughly to

the localized 4f states.



25

C. Actinides: (VCF ' VSO)

The actinide (5f) elements are unique in that there is a change from itinerant to localized-

electron behavior as one proceeds across the periodic table [47–50]. This behavior is sug-

gested by considering a plot of atomic volumes for the 3d, 4f, and 5f elements as a function of

electron count. Fig. (8) shows that the atomic volume of the light actinides (Th-Np) follows

the parabolic decrease with increasing electron count that is observed in the 3d transition

metals. This is an indication that each additional electron is going into the conduction band

to participate in bonding, resulting in a decreased volume. At Pu, there is an abrupt increase

in the actinide volume, and they behave more like 4f elements. The slight contraction visible

for the 4f and heavy 5f elements indicates that electrons are being added to a localized, core

state. The implication is that, light actinides follow an itinerant model of magnetism, while

a localized model is more appropriate for heavy actinides.

Fig. (9) shows that the underlying mechanism behind this itinerant-localized behavior

lies in the fact that, in the light actinides, the 5f orbitals are slightly more extended than the

4f orbitals (compare the probability at 1 Å, for example). Also, a close look at the relativistic

density reveals that indirect relativistic effects have a larger effect on 5f electrons, increasing

the radial extent of the 5f wave functions. This extra extension is enough to allow for the 5f

orbitals to overlap with neighboring orbitals and become bonding orbitals by forming small

conduction bands. Consequently, crystal fields will partially quench the angular momentum

in these systems. However, there will be large spin-orbit effects due to the large Z-number,

and a significant orbital moment can be induced. It is expected that the spin-orbit and

crystal field interactions will be of similar order of magnitude, and, consequently, spin and

orbital moments are of similar magnitude. In fact, for less than half filled shells, the spin and
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FIG. 8: Atomic volumes (equilibrium volume per atom in the primitive unit cell) of the 3d, 4f, and

5f elements as a function of the electron count, increasing to the right. The 5f elements follow the

parabolic behavior of the 3d elements up to Pu. Then there is an abrupt change in volume, after

which the 5f elements follow the 4f trend more closely. This demonstrates the switch from itinerant

to localized behavior in the 5f row of elements. Figure taken from Ref. [45, 50]

orbital moments may exactly cancel [28, 34, 50–53]. Now, as one proceeds across the actinide

row in the periodic table, the 5f orbitals contract as Z increases and the 5f orbitals become

localized. In fact, at Bk, the 5f orbitals reach the same degree of localization observed in

the lanthanides [49].

Measured and calculated moments of pure, light actinide metals are fairly scarce in the

literature because those atoms tend to have no magnetic moment [49]. Data on heavy

actinides is even more scarce since they do not exist in measurable quantities. However,

laves-phase compounds, such as UFe2, NpFe2, and PuFe2 are ferromagnetic below certain

temperatures and have undergone a relatively extensive theoretical and experimental study.
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FIG. 9: Radial probability density of 5f, 6d, 7s, and 7p Pu3+ electrons. The 5f orbital in light

actinides is localized, but more extended than the 4f orbitals in lanthanides. The 5f orbitals are

also more vulnerable to crystal field effects (compare with 4f orbital at 1 Å, for example). In the

heavy actinides (Am and beyond), the 5f orbitals are localized to a similar extent as 4f orbitals in

lanthanides. Dashed and solid lines indicate direct and indirect relativistic effects. Figure adapted

from Ref. [45]

To stay within the scope of this paper, focus will be placed on the magnetic moments of the

5f electrons in the actinide element and not on the interactions going on between the 5f and

3d elements.

The spin and orbital moments (Figs. (10) and (11), respectively) of the 5f electrons

in UFe2, NpFe2, and PuFe2 have been calculated within the spin-polarized relativistic

DFT(LSDA) including both SO and OP corrections [54, 55]. The spin and orbital moments

are in opposite directions in accordance with Hund’s third rule and they are almost equal in

magnitude for each element. The 5f spin moments are somewhat lower than experimental

values. Compared with the 3d itinerant spin moment, the agreement is much worse. This is

an indication that exchange correlation captured by LSDA may not be as sufficient in the

5f systems. The orbital moments calculated with SO and SO+OP are roughly in agreement

with experiment. However, the results are puzzling in that the orbital moment calculated
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FIG. 10: Comparison of calculated [54, 55]

(down triangles) and experimental [35] (up tri-

angles) 5f spin moments for UFe2, NpFe2, PuFe2

in the cubic laves-phase. Agreement with exper-

iment is reasonably good, however error is large

compared with 3d and 4f systems. (There is no

experimental data for Np).
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FIG. 11: Comparison of calculated [54, 55] and

experimental [35] (up triangles) 5f orbital mo-

ments for UFe2, NpFe2, and PuFe2 in the cubic

laves-phase. Computed results including only a

SO correction (circles) are plotted against re-

sults containing an additional OP correction

(down triangles). Agreement with experiment

is reasonably good for both calculations. How-

ever, in this case, adding in the OP correction

appears to result in worse agreement with ex-

periment. There is no experimental data for

Np.

with the OP correction is in worse agreement in this case, lying higher than experiment.

This could be interpreted as a sign of the ad-hoc OP correction breaking down. Finally, Fig.

(12) shows that when the spin and orbital moments are added together, the total moment

agrees extremely well with the neutron scattering measurement. At this point, there is no

explanation for why a cancellation of errors leads to the total moments agreeing so well with

experiment when the spin and orbital moments clearly do not.
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FIG. 12: Comparison of calculated (down triangles) and experimental [34–36, 53, 56] (up triangles)

5f total moments for UFe2, NpFe2, and PuFe2 in the cubic Laves-phase. Calculated values include

spin polarization, SO, and OP corrections. Even though the individual spin and orbital moments

do not show perfect agreement with experiment (previous two figures), when they are summed, the

total moment shows a drastic improvement in accuracy via (unexplained) cancellation of errors.

V. CONCLUSION

This paper has examined the role of relativity in magnetism and focused on calculating

magnetic moments in solids. In particular, the theory of relativistic, spin-polarized DFT

within the LSDA was reviewed and calculations of 3d, 4f, and 5f atomic magnetic moments

using this method were compared with neutron scattering measurements. The importance

of treating spin polarization, spin-orbit coupling, and orbital polarization was emphasized

for obtaining both spin and orbital moments. The fact that calculations agreed well with ex-

periment for transition metals and rare earths indicates that the spin-polarized DFT scheme

used is flexible enough to handle both itinerant and localized systems. The main results

were that pure LSDA describes 3d transition metals well due to the crystal field quenching

of the orbital moment. However, there is a small orbital moment contribution induced by

spin-orbit coupling. In the more localized 4f and 5f systems, LSDA alone is not adequate to

calculate total magnetic moments that agree with experiment. The localized wave functions
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reduce the amount of crystal field splitting, which significantly increases the orbital contri-

bution to the total magnetic moment. The spin-orbit coupling is also increased relative to

the transition metals due to the larger atomic numbers. Therefore in these systems, it is

essential to make spin-orbit and orbital polarization corrections to LSDA. With experimental

agreement being worse in the actinide systems, it was speculated that the LSDA and the ad

hoc orbital polarization correction are not quite adequate for the 5f electrons. At least, these

examples are certainly illustrative of the importance of relativistic effects in magnetism.
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